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It is shown that acceleration of particles in a homogeneous magnetic field that varies periodically 
with time (Alfven magnetic pumping) reduces to a diffusion of the particles in momentum space; 
a connection is established between the diffusion coefficient and the turbulence spectrum 
2 /dh dk  (k-wave number).  
 
 
1. INTRODUCTION 
 
        If a slow periodic time variation of a uniform magnetic field B in a turbulent plasma is 
accompanied by conservation of the adiabatic invariants zp const , 
2 /p B const   ( p  and 
zp  are the particle-momentum components perpendicular and parallel to the field), then the total 
momentum p of the charged particles can increase exponentially relative to the time t as a result 
of betatron acceleration and non-adiabatic scattering by the hydromagnetic turbulence (the 
Alfven magnetic pumping) [l-8]. In a denser plasma, the role of the scattering can be assumed by 
particle collisions [6,7]. 
        At the present time, in connection with the discovery of pulsars and of the alternating 
magnetic fields corresponding to them, interest has been renewed in magnetic pumping as one of 
the possible mechanisms for accelerating charged particles in the atmosphere of a pulsar [9]. 
        As applied to a single particle, Alfven obtained the following equation for the rate of 
growth of its energy in time: 
 
1 0/ / , / ln , / ,dp p dt T p p       
 
where 0p  and 1p  are the values of the total momentum before and after one cycle T of the 
variation of B [2,5,6], Schluter [7] developed the Alfven analysis further, proving that the 
character of the periodic variations of the field is of no principal significance. He has shown 
in this paper that in the particular case of harmonic variation of the field 
 
0 (1 cos ), 1B B Wt                                                              (1) 
 
the effect of acceleration for an ensemble of particles having the same energy is maximal at   = 
W, where   is the particle collision frequency. 
        However, in none of the cited papers was a kinetic equation introduced for the particle 
distribution function f(p, t) under magnetic-pumping conditions. Considerations to the effect that 
Alfven acceleration can explain the observed spectrum of the cosmic rays 2,6p  are advanced in  
[4,5], but these considerations are not based on the kinetic equation and are more readily 
qualitative in character. 
        In none of the cited papers is there a discussion of the source of the turbulent pulsations that 
ensure the turbulence intensity needed for the acceleration. 
        We show in the present paper that the kinetic equation for the distribution function ( , )f p t  
averaged over the fast turbulent pulsations can be reduced in the quasilinear approximation, in 
the presence of a force 1/ 2( / ) /F p B dB dt , to the diffusion equation in momentum space, 
with a diffusion coefficient D( p) that depends on the parameters of the alternating magnetic field 
and on the turbulence spectrum 2( ) /k dh dk   ( 2h  is the turbulence intensity and k is the wave 
number (see Sec. 2)). As is well known [l0], in the diffusion approximation the turbulence 
spectrum determines the rate of growth (or damping) of the plasma oscillations, which in turn 
depends on ( , )f p t , so that the problem of finding the spectrum of the waves and of the particles 
should be formulated in a self-consistent manner.  
        In the present paper (see Sec. 3) we propose to obtain a self-consistent system of equations 
for ( , )f p t  and ( )k  by using the equation of the boundary of the cyclotron instability 0   (  
is the increment), which arises in an alternating field as a result of the anisotropy of the angular 
distribution with respect to the velocities. As is well known, an instability of this type is due to 
resonance between the waves and the particles at the Larmor frequency, with account taken of 
the Doppler effect [11]. These results differ from those in spatial periodic magnetic field [14-79]. 
 
2.  DERIVATION OF ACCELERATION EQUATION 
 
        In the presence of an alternating magnetic field B(t) that varies with conservation of the 
adiabatic invariants, zp const  and 
2 / ( )p B t const  , the equation for the distribution function 
of the fast particles f(p, t), averaged over the turbulence pulsations, can be written in the 
quasilinear approximation, as follows from [13,15], in the form 
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is the scattering operator 
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p and  : are the dimensionless momentum and energy of the particle, expressed in units of me 
and 2mc , respectively, /B eB mc   ( e is the charge and m the rest mass of the particle), and   
is the spectral function of the turbulence. In writing down (2) we took into account the facts that 
sinp p    and szp pco   (  is the angle between p and B), and we assumed that the main 
turbulence scale L is much larger than the Larmor radii of the fast particles. 
        The right-hand side in (2) corresponds to the one-dimensional model of cyclotron resonance 
(to waves traveling along the field, generally speaking, in two directions), and is the zeroth 
approximation in the expansion of the quasilinear term in powers of 2 2/Ac v ( 0 / 4Ac B  cA =  
is the Alfven velocity,   is the density of the cold plasma, and /v cp   is the particle 
velocity). In this approximation, as shown in [13], the resonant interaction of the waves and 
particles does not lead to turbulent acceleration, and reduces to pure scattering. 
        We shall solve Eq. (2) in a quasilinear approximation, averaging over the period 
2 /T W  of the variation of the magnetic field (1). To this end we represent the solution in the 
form 
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where  1f  and 2f  are increments of f , symmetrical and asymmetrical with respect to / 2   
(the superior bar denotes averaging over the period T). By virtue of the general properties of 
scattering that leads to an isotropic distribution [12,13], the average of the symmetrical function 
over the solid angle, 
1f , is equal to zero, i.e., 
 
2
1 1
0 0
1
sin 0.
4
f d f d
 
  

                                                          {5) 
 
The reason for breaking down the angle part into 1f  and 2f  is that according to [13l the 
isotropization for an initial symmetrical distribution is different than that for an asymmetrical 
one, so that 
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        Using expression {3) for the scattering operator, we can readily show that 
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Indeed, the turbulence intensity 2 ~ ( )h k k  is limited at 0   and  , since, by assumption, the 
main scale of the turbulence is much larger than the Larmor radii of the fast particles, so that 2h  
decreases with increasing / cosBk cp  , and the value of 1 /f    along the magnetic field is 
also bounded or else approaches infinity no faster than 1/ sin [13]. 
        The linearized kinetic equation for 1 2f f , which can readily be obtained with the aid of (2) 
and (4), turns out, after averaging over the solid angle and after using (5) - (7), to depend only on 
2f : 
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        In the analysis that follows, we confine ourselves to the case of strong scattering, when the 
isotropization time 0  (the time of scattering of a particle with momentum p through an angle 
1T) is much smaller than the period T. Subtracting (8) from the unaveraged (over the solid angle) 
linearized kinetic equation and as summing that in the case of strong scattering we have 
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and that this equality can be violated only within negligibly short time intervals 0 « T, we obtain 
the following equation for 1f :  
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        The strong-scattering approximation is an expansion in powers of the parameter 0/  , 
where   is the true anisotropy at the plasma stability limit, and 0  is the anisotropy occurring in 
an alternating field when no account is taken of instability and scattering. The conditions under 
which this parameter is small will be given later (see Sec. 3) in the analysis of the oscillation 
increment connected with the anisotropy. 
        Although the condition 0 « T is a definite limitation, at the same time, in accord with [6]  
(p.80), it is precisely under this condition that the Alfven cycle leads to acceleration, so that the 
use of this approximation is perfectly justified. 
        Using (3) and recognizing that ( 2sin 1/ 2  , and integrating (9) twice with respect to   , 
we obtain 
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To obtain an equation for ( , )f p t , we substitute (4) in (2), average over the period T, and take 
into account the fact that 
2 / 2 0Bf B  , since, according to (8), 2/ 2 ~ /B B f t  at; retaining 
terms that are quadratic in the pulsations with the period T, we find in the quasilinear 
approximation 
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Substituting (10) in (12), averaging (12) over the solid angle, and recognizing that according to 
(6) and (10) we have . 
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we obtain for f ( p) after simple transformations an acceleration equation of the diffusion type, 
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3. FORMULATION OF THE SELF-CONSISTENT PROBLEM 
OF THE WAVE AND PARTICLE SPECTRUM 
 
        Owing to the scattering of the particles by the plasma turbulence, part of the momentum 
accumulated during the time that the magnetic field (1) is increased as a result of the betatron 
acceleration ( ~p B ), is transferred to the parallel component of the momentum zp . As a result, 
if the scattering time is small ( 0 « T), the loss of momentum during the time of decrease of the 
magnetic field (1) turns out to be smaller than the increase of the momentum during the time of 
the increase of the magnetic field, and the natural result is acceleration (see[6], p. 80 ). 
        One can expect the cyclotron instability connected with the anisotropy of the angular 
distribution with respect to the velocities to be, in the presence of an turbulence needed for 
effective. acceleration. Such an anisotropy in an initially isotropic plasma is the result of the 
conservation of the adiabatic invariant /p B const  , and is connected with the two-
dimensional contraction (expansion) of the Larmor orbits of the particle as a result of the 
periodic increase (decrease) of the magnetic field. This instability, due to cyclotron resonance 
between the waves and the particles at the Larmor frequency, occurs at rather low anisotropy 
when account is taken of the Doppler effect and at sufficiently high particle velocity [11]. 
        According to [11, 10] (seep. 188 of [10]), the expression for the increment of waves having 
circular polarization and traveling along the field is 
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where the upper sign corresponds to the Alfven wave and the lower to the fast magnetosonic 
wave. The quantity a, which characterizes the anisotropy of the distribution function and which 
determines the properties of the increment (16), is given by 
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Equation (17) can readily be proved if it is recognized that sinp p    szp pco  . 
        Were there no scattering (no reaction of the waves on the particles), the corresponding 
anisotropy 0  would be due only to the adiabatic variation of the momentum in the alternating 
field (a), and would be very large compared with the anisotropy a in the presence of strong 
scattering. Thus, in the case of strong scattering, when the angular distribution function is close 
to isotropic, there exists a small parameter 0/ 1    in terms of which one can carry out the 
expansion, as already mentioned in the preceding section. 
        In the absence of scattering and at sufficiently high concentration of the fast particles, the 
increment (16) can periodically assume large positive values 0 W  . When 0 W  , the time 
0 0~ 1/t   needed for the oscillations to increase by a factor e is much shorter than the period T = 
2rr/W, and it is precisely under this condition that the scattering can occur within a time 0 T  . 
In other words, the condition 0 W   is necessary for acceleration to be possible, for otherwise, 
when the instability develops slowly, the scattering of the particles does not lead to complete 
isotropization at the end of the cycle, and the Alfven acceleration may stop. 
        The scattering of the particles by the plasma turbulence leads to isotropization of the 
particle velocities and consequently to a damping of the resonant oscillations, until the magnetic 
pumping leads to a new cycle of energy redistribution. It can be assumed that the resultant 
oscillation increment ( )  , describing the dynamics of the joint action of the magnetic pumping 
and of the resonance, is equal to zero under strong scattering conditions, i.e., ( ) 0   . In fact, 
within short time intervals ( 0 T  ) the increment depends on the time and differs from zero. 
We shall neglect this dependence, however, since we assume the strong scattering condition to 
be satisfied. 
        The equation for the plasma instability limit ( ) 0    will be used below to obtain self-
consistent equations for the wave and particle spectrum. From (5) - (12) it follows that the angle 
function 2f  is not connected with the resonant interaction of the waves and particles, and makes 
no contribution to the dynamics of the acceleration in the case of strong scattering; we shall 
therefore take into account in the expression for the increment only that part of the anisotropy 
(17) which is connected with the angle function 2f . Taking this circumstance into account, using 
expressions (17), (10), and (11), and changing over in (16) to integration with respect to p, we 
find that the equation 0   takes the form 
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         Eq. (18) can easily be solved with respect to ( )k , if it is recognized that at resonance  
( cos /B ckp  )  the function 
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is independent of p. Taking  (k) outside the integral sign in (18), we obtain after simple 
transformations 
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Equations (19), (14), and (15) constitute the sought self consistent system of equations for 
determining the particle spectrum defined by the distribution function f, and the wave spectrum 
( )k . 
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